The so-called superelastic effect in shape memory alloys (SMAs) is widely established and has been extensively studied both theoretically and experimentally [1] [2] [3] . The superelastic effect is attributed to the stress-induced reversible austenitic-martensitic phase transformation and characterized by the development of significant strains during the transformation which are fully recoverable upon unloading. The hysteresis obtained during a loading cycle corresponds to the energy dissipated during the forward and reverse transformations. Recently, San Juan et al. have reported experimental observations of the superelastic effect in Cu-13.7Al-5Ni (wt%) [4] micro-and nanopillars subjected to compressive loading. Their observations exhibit a clear size dependence in damping capacity upon unloading [5, 6] . More specifically, their uniaxial compression tests on [001]-oriented Cu-Al-Ni single crystals show that the hysteresis loop in the stress-strain curve for a nanopillar is significantly larger than that for a bulk single crystal. The same size effect is observed in polycrystalline microwire tension experiments for the same alloy [7] . This property makes Cu-Al-Ni SMAs appealing for use in damping applications in microscale and nanoscale devices, or even for integration in fibers and textiles for uses in flexible armor.
In this Letter, we develop a model aimed at describing the mechanical response of this material to help understand the origin of the size-dependent effects. Significant effort has been devoted to developing models for superelastic stress-strain response of SMAs. A comprehensive review may be found in [3] . However, few incorporate sizedependent effects. In [8] , the grain-size dependence of the superelastic stress-strain response in bulk polycrystalline Ni-Ti SMAs is modeled via a strain gradient model based on the introduction of an energetic length scale. Other models of SMAs have included nonlocal strain or martensitic volume fraction terms to put a lower bound to the variant size, and avoid numerical problems associated with the nonconvexity of the strain energy function [9, 10] . A different phase-field approach has involved a similar consideration [11] [12] [13] .
In the model presented in this Letter, two internal length scales, an energetic length scale l e , and a dissipative length scale l d , are introduced in the free energy and the dissipation rate, respectively, leading to gradient terms on the martensitic volume fraction and its rate of change. The formulation leads to a coupled set of partial differential equations of macroscopic equilibrium and micro-force balance [14] [15] [16] , whose unknowns are the spatial distribution of the displacement and the martensitic volume fraction. Both equations result from a variational statement of the stationarity of an incremental potential involving the free energy and the dissipation.
Consider a pillar with height h subject to the stressinduced martensitic phase transformation under isothermal condition at temperature . The martensitic volume fraction is represented by . For small strains, u ;x ¼ " ¼ " e þ " t where u is the displacement, " is the total strain, " e is the elastic strain, and " t is the maximum transformation strain, which is a material constant.
The free energy per unit volume comprises an elastic, a chemical, and a nonlocal term
where EðÞ ¼ E a E m E m þðE a ÀE m Þ is the effective Young's modulus [17, 18] , E a and E m are the Young's moduli in the pure austenite and martensite, respectively, 0 is the equilibrium temperature between the two phases in the stress-free state, and is the latent heat. The nonlocal term can be viewed as the interface energy between the two phases. S 0 is a model 0031-9007=11=106 (8)=085504 (4) 085504-1 Ó 2011 American Physical Society parameter with the dimension of stress and l e is an internal (energetic) length scale. The introduction of a gradient term on the volume fraction in the free energy results in a separate (microforce) equilibrium equation where the volume fraction is the primary unknown. Consider any segment of the pillar fx 2 ½x 1 ; x 2 j0 x 1 < x 2 hg. The internal power in this segment is defined as
where _ Â is the rate of variable Â, is the stress, k and k nl are the work conjugates to the volume fraction and its gradient ;x , respectively. The external power expended on this segment is defined as
wheret andk are, respectively, the applied boundary traction and volume fraction force conjugate. At any fixed time , the principle of virtual power requires
for any generalized virtual velocity ( _ũ , _" e , _ ) satisfying the kinematic requirement _ũ ;x ¼ _" e þ _ " t . Integration by parts leads to the variational statement
for x 2 ðx 1 ; x 2 Þ, and ðx i ; Þ ¼tðx i ; Þ, k nl ðx i ; Þ 1 kðx i ; Þ, i ¼ 1, 2. Equations (5) and (6), are valid for any x 1 , x 2 in the admissible range, and, in particular, for the whole pillar (
Thermodynamic restrictions require that the temporal increase in the free energy should not be greater than the external power expended on the material, i.e.,
From Eq. (4) it then follows that
for x 2 ð0; hÞ. By applying the temporal derivative to the free energy density in Eq. (1) and assuming the elastic response
Eq. (8) is reduced to
where D is the rate of energy dissipated per unit volume. Inspired by the strain gradient plasticity theories [14] [15] [16] , k and k nl are defined as follows:
where Y is a model parameter with dimension of stress, and l d is an internal (dissipative) length scale, which defines the influence of the nonuniform distribution of _ on the dissipation. Indeed, it has been shown in [7] that in small samples of SMA, the surfaces are likely pinning points for the transformation, which tend to suppress the rate of transformation near them, relative to bulk regions away from the surfaces. This provides a possible underlying mechanism for a gradient in _ , which in turn gives rise to the dissipative length scale l d . The dissipation function (per unit volume) then takes the form
which is nonnegative as required by Eq. (10). It is clear that a nonuniform distribution of _ and larger l d leads to more dissipation.
The martensitic phase transformation occurs when the thermodynamic driving force associated with the volume fraction reaches some critical value and stays at that value until the transformation is complete [3, 19, 20] . Inserting Eqs. (11) and (12), in Eq. (6), we obtain
which governs the evolution of the volume fraction . It should be noted that Eq. (14) degenerates to " t À 0 Â ð À 0 Þ ¼ sgnð _ ÞY, for _ Þ 0, which are the constraints during phase transformation in the local model [20] , if and _ are uniform or both internal length scales l e and l d are zeros, and @E @ ¼ 0. It is interesting to note from the free energy, Eq. (1), the dissipation, Eq. (13), and the elastic response, Eq. (9), that Eq. (14) can be rewritten as
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Replacing the stress from Eq. (9) in Eqs. (5) and (14) leads to two coupled partial differential equations governing the displacement uðx; tÞ and the volume fraction distribution ðx; tÞ with suitable initial and boundary conditions. In our experimental tests, the pillars are assumed to be initially in a stress-free austenitic phase, i.e., uðx; 0Þ ¼ 0, ðx; 0Þ ¼ 0 for x 2 ½0; h. On the boundary, uð0; tÞ ¼ 0, uðh; tÞ ¼ûðtÞ, whereûðtÞ is the prescribed displacement, while ð0; tÞ ¼ ðh; tÞ ¼ 0 which assumes that the ends of the pillar are obstacles to the martensitic phase transformation. This fully specifies the initial boundary value problem. The resulting equations are solved using a finite element discretization.
The basic model response to compressive loading and unloading cycles is explored for the following parameter values: h , the phase transformation stage exhibits increased hardening, while the critical stress for the forward transformation and the energy dissipation are not affected. During unloading, the reverse transformation starts earlier but ends at the same point. The evolution of the martensitic volume fraction is plotted in Fig. 2 for the case l e h ¼ 0:03. Because of the boundary constraints, the distribution of the martensitic volume fraction along the pillar is nonuniform during the phase transformation. This nonuniformity is responsible for the smooth transition in the stress-strain curve at the end of the forward transformation and at the beginning of the reverse transformation, in contrast with the sharp changes exhibited by the case of h increases, the gap between the critical stresses for the forward and the reverse transformation also increases, resulting in increased energy dissipation. Figure 4 demonstrates the evolution of the martensitic volume fraction for the case [5, 6] . The Young's modulus of the austenitic phase, E a ¼ 22:1 GPa, was obtained from the measurement in [6] , E m ¼ 23:5 GPa is extracted from the slope of the initial unloading part of the stress-strain curve in case (ii), " t ¼ À0:05 is obtained from the calculation in [21] . Other model parameters are calibrated to case (ii), which furnishes the following values: 0 Figure 5 shows the computed (solid) and experimental (circles) stress-strain curves. The model captures a number of features of the response, including the elastic loading and unloading in the two phases, the hardening during the forward and reverse transformation, and the size of the hysteresis loop (dissipation). Considering that temperature changes associated with the transformation were not experimentally available, the thermal stress was held fixed at the calibrated value. This explains the discrepancy in the stress levels predicted for the remaining cases. Regarding the negative slope in the experiment in case (iii), we note that there are explanations available in the literature for some superelastic materials [17] , and in the present case we believe this is an artifact of the mechanical test apparatus, which operates in a condition that is neither exactly load-nor displacement-controlled.
In summary, we presented a nonlocal superelastic model for single crystal SMAs including both an energetic and a dissipative length scales. The agreement with experimental observations suggests that the size-dependent effects in the hardening and energy dissipation of single crystal Cu-AlNi SMAs can be attributed to the nonuniform evolution of the martensitic phase arising during the deformation.
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